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I. INTRODUCTION
A demonstration that creates a rainbow in the laboratory can capture the attention of our students. 1 Although most demonstrations of this type allow us to measure the angle between the white incoming rays and the emerging colored rays, they do not allow us to see the reflections and refractions that occur inside the drop. The apparatus described in this paper allows us to visualize the paths of the rays outside and inside the "drop." 2 We can see that the light emerging from the "drop" forms rainbows up to sixth order. Furthermore, we can quantitatively compare the measured and calculated exit angles. When an intense light source and a good camera are used, it is possible to use the apparatus as a classroom demonstration.
II. A SHORT ESSAY ON THE THEORY OF THE RAINBOW
The rainbow is part of the light that comes back to our eyes from raindrops illuminated by the sun. 3 Consider a beam of parallel rays incident on a spherical drop of radius R. Fig. 1 shows a particular ray, incident with an impact parameter p and an angle of incidence h i . Part of the incident ray is reflected from the surface and part is refracted into the drop. The refracted ray will meet the water-air surface where it will again be partially refracted into the air and partially reflected back into the interior of the drop. The ray will continue to undergo multiple reflections inside the drop, losing intensity at each encounter with the water-air surface.
The exit angle h can be calculated by adding the deviations of the ray each time it meets the water-air interface. The deviation of the incident ray when it refracts into the drop is h i À h r . A ray refracting from the interior of the drop into the air experiences the same deviation h i À h r . The ray that emerges from the drop after two refractions has a deviation of 2ðh i À h r Þ. The deviation for a reflected ray is p À 2h r . The exit angle for a ray that undergoes k reflections inside the drop before being refracted into the air is
Since the angle h r is a function of the incident angle h i and the index of refraction nðkÞ, the exit angle is a function of h i , k, and k. Light reflected once inside the drop, k ¼ 1, is customary referred to as "light of first order"; "light of second order," k ¼ 2, is reflected twice inside the drop. A plot of h k as function of h i for the first four orders is shown in Fig. 2 . Each order has a minimum exit angle, customary called the Cartesian angle h Ck . In order to find the incident angle that produces the Cartesian angle, the angle h r must be eliminated from Eq. (1) using Snell's law. The corresponding incident angle h i;Ck is given by
The presence of a distinct exit angle h for different wavelengths seems sufficient to explain the origin of rainbows. However, this difference in exit angles occurs for any angle, while the circular shape of rainbows can be explained only if the colors are separated around a specific angle, about 41 À 42 . In order to understand color separation, we examine Fig. 3 . Figure 3 shows the exit angle of first-order light, obtained from Eq. (1), for k ¼ 633 nm (red) and k ¼ 404 nm (violet). For a given exit angle h 1 and wavelength k, the corresponding angles of incidence can be determined. Drawing a horizontal line at the exit angle to be studied, we can look at the intersections of this line with the curves h 1 ðh i ; kÞ. If the line crosses the curves associated with red and violet light, it must cross all curves corresponding to wavelengths between 404 nm and 633 nm. The scattered light at that particular exit angle thus contains all wavelengths of the visible spectrum. If the relative intensities of the scattered wavelengths are not very different, the light that emerges will be white. For example, for h ¼ 150 , the line crosses the red and violet curves in two different regions of h i . Since the relative intensities of the different wavelengths are similar, 4, 5 the light that emerges at h ¼ 150 will be white. Outgoing colored light will emerge from a drop only if there are values of h for which not all wavelengths are present or if their relative intensities are very different. The first condition occurs at values of h for which the red and violet curves are not intersected by the same horizontal line. Figure 3 shows that there are two areas where this happens: on the far right of the graph (88 < h i < 90 and 165 < h 1 < 167 ), where the incident rays are almost tangential to the drop, and in the region around the minima of the curves (50 < h i < 70 and 137 < h 1 < 139 ). The intensity of the colored light for 88 < h i < 90 is very low for two reasons. First, the ratio of the intensities of reflected and refracted light is an increasing function of h i ; for 88 < h i < 90 , almost all incident light is reflected and very little is refracted into the drop. Second, the range of impact parameters associated with the interval 88 < h i < 90 is small compared to Dh i ¼ 2 intervals for non-tangential rays (see Fig. 1 ). As a result, the scattered white component has an intensity that is at least 3 orders of magnitude larger than the colored component, and no colors are visible.
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Descartes was the first one to address the formation of rainbows by drops of water. 7 He calculated the exit angle for many incident rays and noticed that rays were strongly concentrated around the minimum exit angle h C . 8 He concluded that the intensity of the emerging rays should have a maximum around h C and that this angle should be the rainbow angle. His hypothesis was confirmed by measurements even though his ideas about the origin of the individual colors were inadequate and a complete explanation of the rainbow phenomenon was achieved only with Newton's contribution. 9 Consider what happens in the area around the minimum exit angle, shown in Fig. 3 and in more detail in Fig. 4 . Since red light has the lowest minimum exit angle, at h C1 ðk red Þ only red light is visible. For other colors, this does not happen. At the minimum exit angle for yellow light, red light is present too, and the yellow light is superimposed on the red light. For the same reason, green light is superimposed on yellow and red light, and so on. At the minimum exit angle h Ck ðkÞ, each color has a maximum intensity. Since the minimum exit angle h Ck ðkÞ depends on wavelength, each color has a maximum intensity at a slightly different exit angle and a single wavelength will dominate at each exit angle. In the geometrical optics approximation, the angular width of the intensity distributions shown in Fig. 4 is similar to the divergence of solar rays, 19 and soft color separation results. Equation (1) for k > 1 provides a similar behavior, as shown in Fig. 2 .
In order to understand several key features of a rainbow, it is useful to visualize the information contained in Fig. 2 for k ¼ 1, 2 using a graphical representation of the rays emerging from the drop, as shown in Fig. 5 . First-order light emerges from the drop within a cone of opening angle The role played by raindrops based on their position in the sky is illustrated in Fig. 6 . The axis of the rainbow passes through the eye of the observer and is parallel to the direction of the sun rays. Since the angle c between the axis and the line of sight of a raindrop is equal to the scattering angle, we can subdivide the sky in five zones, delimited by four Fig. 5 . Schematic of the light scattered by a raindrop illuminated by sun rays. The direction of the incident rays is specified by the arrow shown on the left. First-order light is scattered at angles less than a R while secondorder light is scattered at angles greater than b R . First-order rainbows form between a V and a R ; second-order rainbows form between b R and b V . conical surfaces with opening angles of a V , a R , b R , and b V . Zone W 1 , within a cone of opening angle a R , returns firstorder white light to the observer. Zone R 1 , between a V and a R , corresponds to the primary rainbow. Zone D, between a R and b R , is called the Alexander's 10 dark zone and cannot return light of first and second orders to the observer. It appears remarkably darker. Zone R 2 , between b R and b V , corresponds to the secondary rainbow. Compared to the primary rainbow, the secondary rainbow appears larger, weaker, and with colors in reverse order. Zone W 2 , outside the cone of angular opening b V , returns white light of second order to the observer.
For third and fourth orders, the minimum scattering angles are greater than p=2 and rainbows of third and fourth order cannot be observed because they are overwhelmed by the sun itself.
Since the angles of incidence associated with rainbows are near the Brewster angle, the light forming the rainbows is almost completely polarized in a direction parallel to the plane of incidence. 12 The picture we have shown is an approximation because the geometrical optics theory has two significant limitations. First, the angular dependence of the intensity of the diffused light is not affected by the radius of the drop, which enters the equation only as an overall factor. This suggests that a rainbow forms each time we illuminate drops, independent of their dimension. But light diffused by the clouds which contain drops with diameters between 0.1 lm and 100 lm is white. 13 Light diffused by fog, which contain drops with diameters smaller than 60 lm, may show a white bow. 14 Observations show that rainbows only form in the presence of relatively big drops, such as rain, with diameters between 200 lm and 2-3 mm, and that the bigger the drops the brighter the colors. 6, 15 Second, the geometrical optics theory cannot explain the presence of the supernumerary rainbows. [4] [5] [6] 13, 16, 17 These are little weak rainbows, placed just inside the primary rainbow and external to the secondary rainbow. Both these failures can be overcome with a wavebased theory that takes into consideration the interference between different wave fronts emerging from the drop with the same direction of propagation but with different phases. Other theories have been developed to explain other discrepancies. 16, 17 
III. THE EXPERIMENTAL APPARATUS
The experimental apparatus we developed relies on the cylindrical symmetry of the process that generates the rainbow. Since the reflection and refraction occur in a plane, we can use a cylinder instead of a sphere in our apparatus. A drawing of the apparatus is shown in Fig. 7 . It is made of a flat and smooth surface disk (2), 200 mm in diameter. A pivot (4) is attached to the center of the disk, protruding from one side. On the same side, a plastic ring (3), about 40 mm wide and with the same outer diameter as the disk, is glued to the edge of the disk. On the other side of the disk, a circular sheet of paper (5) is glued and at its center, a cylinder of acrylic glass 18 (1) is fixed with transparent double sided adhesive tape. The cylinder is 20 mm thick and has a diameter of 60 mm. A strip of white thin cardboard (6) is glued to the edge of the disk, on the external surface of the plastic ring, protruding about 25 mm on the acrylic cylinder side. On its protruding side, a 10 mm wide slit (8) is cut for the incident light. The inner face of this white strip is the screen where the scattered light is observed. In order to shield this screen from ambient light, it is necessary to place a second bigger screen around the entire apparatus (7). This screen, made of black thin cardboard, must have a corresponding slit. Pieces of black cardboard and black adhesive tape are attached to the inner screen to absorb light rays reflected from the surface and light rays that are refracted without an internal reflection. A support with a suitable hole for the pivot allows our apparatus to rotate freely.
The slit width is adjusted using a piece of black adhesive tape. To determine the proper width, the information contained in Table I can be used. Table I shows all expected values of the Cartesian angles for two wavelengths, 632.8 nm (red) and 435.8 nm (blue), and refraction indices of n(632.8) ¼ 1.489 and n(435.8) ¼ 1.5025. 20 To first order, the difference between the Cartesian incident angles for red and blue light is Dh i;C ¼ 47 0 , corresponding to a slit width of about 0.27 mm on the external screen. For higher orders, this value is smaller. We used a slit width of about 1.5 mm to cover an adequate range of h i around h i;C for any order.
The incident beam of light used with our apparatus must have a divergence similar to those of solar rays. According (1) acrylic glass cylinder, (2) disk, (3) plastic ring, (4) pivot, (5) white paper, (6) white thin cardboard screen, (7) shielding black cardboard, and (8) slit. The light entering the slit is scattered by the acrylic glass cylinder and is visible on the paper glued on the disk surface and on the white thin cardboard screen. to geometrical optics, each point on the surface of the illuminated object is reached by rays emitted from each point on the source surface, as shown in Fig. 8 for a spherical source and object. The maximum divergence of the beam coming from the source depends on the distance between the source and the object and on their sizes. The total divergence will depend on the divergence associated with the dimension of the source and the divergence associated with the dimension of the object. The divergence associated with the size of the source is equal to
where S is the diameter of the source and D the distance between the source and the object. The divergence associated with the size of the object is equal to
where O is the diameter of the object. The total divergence of the beam is equal to
In order to understand the effect of divergence on our experiment, we consider two rays entering the drop at the same point with different incident angles, as shown in Fig. 9 . Ray A (solid line) represents the usual ray without divergence, while ray B (broken line) represents a ray with a divergence d. In reference frame O xy , ray A has an incident angle h i . The exit angle can be calculated using Eq. (1): h A ¼ h k ðh i ; kÞ. Equation (1) cannot be used to determine the exit angle of ray B since the incident ray is not parallel to the x axis. However, in reference frame O x 0 y 0 , rotated by an angle d with respect to O xy , we can use Eq. (1) with an angle of incidence
The exit angle of ray B in reference system O xy is equal to
For a point source, the first term in Eq. (5) is zero and no two rays enter the drop at the same point with different angles of incidence. For a raindrop of radius r at a distance D from the point source, the divergence is equal to Figure 10 shows the exit angle obtained by inserting Eq. (7) in Eq. (6). Figure 10 also shows the exit angle in the absence of divergence. The effect of divergence due to object size results in a reduction of both the minimum exit angle and the incident angle at which the minimum exit angle occurs. The left shift is due to the use of the angle h i instead of the incident angle h i þ d. The down shift is a result of the fact that our observations are made in the O xy reference frame. Since in our experiment we measure the exit angle h Ck with respect to the incident angle h i þ d, we can neglect this kind of divergence.
For a point object, we have the superposition of incoming rays, distributed across an angular range of 6d=2 for each h i . For solar light, S in Eq. (5) is the diameter of the sun and the divergence is about 32 0 . 19 Figure 11 shows the effect of source size on the scattering process. The dotted curve shows the relation between exit and incident angles for a point source. The solid and dashed curves show h B ðh i ; k; d=2Þ and h B ðh i ; k; Àd=2Þ, assuming a divergence d ¼ 64 0 , twice as large as the solar divergence. The effect of the divergence depends on the value of the incident angle h i . For a fixed wavelength, the spread of the incoming rays in the 6d range causes a broadening of the exit angular range where the intensity of the scattered light peaks. This type of divergence thus increases the overlap of contiguous Table I . Incident angle, spread of the incident angle, rainbow angle, colors spread calculated for the wavelengths k R ¼ 632:8 nm and k B ¼ 435:8 nm. The corresponding indices of refraction for polymethyl methacrylate (PMMA) are n R ¼ 1:489 and n B ¼ 1:5025, respectively. The measured angles of the red side of the rainbow and the differences with expected values are reported in the last two columns. wavelengths and washes out the colors. It is thus important to keep the divergence of the source in our experiments at or below the solar divergence.
To generate the proper beam for our experiment, we tried various approaches. In this paper, we describe two simple, cheap, and easily reproducible solutions. The first approach uses a tungsten light bulb, placed in a black box with a hole positioned such that the light cone comes almost exclusively from the filament. The bulb is a 65W Osram Halostar Eco whose filament is a coil, 1.95 mm in diameter and 4.3 mm in length. For this lamp, the divergence can be estimated using Eq. (5), where S is taken to be the diameter of the filament coil, assuming that the lamp is positioned with the axis of the filament coil parallel to the slit of the apparatus and O is the width of the slit. In order to have d ¼ 32 0 , the lamp must be placed about 42 cm from the axis of the apparatus. Using this light source, we can observe rainbows up to third order.
In order to obtain a more intense light source, we use the same tungsten lamp in the box and add a lens and an iris. Good results are obtained with a f ¼ 150 mm lens. For this system, the beam divergence can be calculated using Eq. (5). In all configurations useful to focus the light with the appropriate divergence, S is the lens diameter or the iris aperture, D is the lens-slit distance and O is the slit width. In our measurements, we set the filament-lens distance to a value slightly less than the focal length. An iris with an aperture of 29 mm was placed in front of the lens, while the apparatus was placed 2 m beyond the lens. With this method, we obtained the required divergence and a light intensity sufficient to see rainbows up to fourth order. Using photographs we can observe fifth-order rainbows, even though it is directed toward the slit of the apparatus and only a weak trace is visible near the acrylic cylinder.
Using sunlight and sufficient shielding, we succeeded in photographing even a weak sixth-order rainbow.
IV. RESULTS
We illuminated the apparatus slit as previously described and turned its support in the horizontal plane by about 3 30 0 so that the light grazed the paper on the disk such that the path of the rays was clearly visible. Rotating the apparatus on its pivot, we let the beam enter the acrylic cylinder at well-defined angles of incidence. This measurement can be used both as a starting point to explain why rainbows appear and to demonstrate the previously described theory of colors separation near the minimum exit angle. It can be used to explain many rainbow features: the form, the angle, the position of the first-and second-order rainbows, and the dark band.
Our results are shown in Figs. 12-15. Figure 12 shows a picture of the apparatus illuminated by a tungsten lamp, set up to observe the primary rainbow. Figure 13 shows a picture of the apparatus set up to observe two and three reflections, corresponding to the conditions required for second-and third-order rainbows. Figure 14 shows a picture of the apparatus illuminated by a tungsten lamp and configured to show rainbows of third and fourth order. Finally, Fig. 15 shows a picture of the apparatus illuminated by solar rays where fourth, fifth, and a pale sixth-order rainbows are visible. The photograph was taken outside with a thick black cover all around the apparatus and the camera. Due to the very weak intensity of those orders, the picture has been taken using light with its polarization parallel to the plane of incidence. This technique does not alter the intensity of the rainbow but reduces the intensity of the light diffused for k ¼ 0. To take the photos, long exposure times are required and a tripod must be used. To use the experiment as a classroom demonstration, we have used a commercial camera at its maximum sensitivity. Fig. 9 . The divergence is calculated using Eq. (7) for r ¼ 30 mm and d ¼ 425 mm, an actual case studied with our setup using direct lighting. In order to make measurements, we have to take photographs with the camera lens aligned with the center of the "drop." The photographs must include the entire disk and the inner screen of the apparatus. The geometrical information on the photo, i.e., the angles between the path of the rays, can be easily extracted by making measurements with ruler and a protractor on the photo print. Alternatively, one can use the software package GIMP 2, which is available for free on internet.
21 GIMP 2 has a tool to measure distances (in pixels) and angles (in degrees). With GIMP 2, one can find the angular position of the "software ruler" with high resolution. We made test measurements with GIMP obtained with the tungsten lamp was lower by about 5 0 compared to the expected values obtained with Eq. (5). We noticed that the measured divergence depends on the exposure. By increasing exposure, part of the twilight zone becomes visible and the measured divergence increases.
During our measurements of the angles between incident and diffused rays, we noticed that the red side of the rainbow had a sharp border but the violet side did not. When we increased the exposure time, the red border was quite stable but the violet border shifted. As a consequence, we decided to make measurements only for the red side of the rainbow, and these are reported in Table I , starting from the first to the sixth order.
We calculated the error introduced by a rotation in the horizontal plane of the apparatus by about 3 À 4 and found that it to be very small, no more than 0.2%. The error due to the imperfect roundness of the cylinder, which is made from an extruded bar, depends on the point of incidence of the beam, but we found that rotating the cylinder with respect to the beam or cylinder substitution did not change the results obtained. A cause of systematic error in the measurement of the first-order angle can be the caustic: 24 the red border follows the caustic profile and is slightly curved. This profile is more curved near the drop and approaches the Cartesian ray far from it. Due to the slit width used in our measurements, the caustic does not form completely because it lacks a portion of the beam that is necessary for its formation. Unfortunately, a reflection generates an identical weaker complete caustic. It can be easily recognized and should be ignored in our measurements by using sections of the rays furthest away from the drop where the caustic is almost straight and close to the direction of the Cartesian ray. The most significant contribution to the error is the loss of intensity of the scattered light along its path. It causes an increasing shift of the red border of the light path going away from the cylinder. The loss of intensity produces a systematic error that increases the measured exit angle.
If one observes Figs. 14 and 15 online, one will see many thin colored rays in the fan of light that emerges from the cylinder for k ¼ 0 and k ¼ 1. These rays are produced by superficial imperfections on the acrylic extruded rod from which the cylinder is made. They cause little differences in the optical path that increase with the incidence angle. The resulting interference produces thin fringes with different spacing for each color.
